Introduction
Heat and mass transfer among free jets and between a jet and a solid or liquid surface is controlled by the fluid dynamics of the jet. The Reynolds number (Re) and the turbulence intensity (Ti) have a great influence upon the dispersion of particles or droplets in jets [1] [2] [3] , and the heat transfer from a jet to a solid surface [4] [5] . In several applications of circular jets it is desirable to have high Reynolds number (Re>40,000) and turbulence intensities (Ti>5%) and the dispersed phase can be described by some simplified solutions, as in the Fully Developed Region (FDR) [6] [7] . In other applications, such as micro-jets for drug injection [8] [9] , and recent welding technologies [10] [11] , low turbulence intensities (Ti<5%) and moderate Reynolds numbers (2,000<Re<20,000) are requested. The dispersed phase field appears to be complex, and there is no mathematical model describing it. One aspect, rarely investigated, is the role that molecular diffusion plays in the micro-jets injection. The diffusivity, Γ, of a particle is proportional to its radius, according to the StokeEinstein relation [12] and the Cunningham empirical equation [13] allows to conclude that typical values of the particle radius, 75 10 10 rm   , lead to a Schmidt number of air in the range from 1 to 100.
The evolution of a turbulent rectangular submerged free jet has been widely investigated in the literature in the last decades with the following conclusion. The jet interacts with the stagnant fluid just downstream of the slot exit and two regions of flow are defined [14] : the closest to the slot exit is the Near Field Region (NFR) and the farthest is the Fully Developed Region (FDR). In the NFR, the region of mixing fluid surrounds the potential core region (PCR), where the velocity on the centerline maintains the same value of the slot exit. When the mixing region has penetrated into the centerline, the NFR ends and the FDR begins.
Tollmien [15] and Görtler [16] studied theoretically the flow of turbulent rectangular submerged free jets proposing a self-similar evolution of the axial velocity in the PCR and FDR. The equations describing the velocity evolution were confirmed experimentally in [17] [18] [19] [20] [21] for the PCR, and in [22] [23] [24] [25] for the FDR.
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In the last few years the evolution suggested in [14] , with two regions of flow, has been revised. In the average flow the NFR can be split into two separate regions: the Undisturbed Region of Flow (URF) and the PCR. The URF, reported experimentally between the slot exit and the PCR [26] [27] [28] , for moderate Reynolds numbers (Re=2000-20,000) and low turbulence intensity at the inlet (Ti=0%÷5%), has not been noticed neither commented. Several experiments on rectangular free jets of air, conducted by Gori and coworkers [29] [30] [31] [32] [33] [34] in the average flow evolution, enabled to identify the main characteristics of the URF, i.e. that velocity and turbulence remain almost equal to those measured on the slot exit. Numerical investigations have been also able to reproduce the URF since Gori et al. [35] undertake preliminary numerical investigations with the Reynolds Averaged Navier-Stokes (RANS) equations model. The URF has been investigated also with the Large Eddy Simulations (LES) approach, at several Reynolds numbers, in order to verify the occurrence of URF, [36] [37] . One of the main achievement of the last two studies was to show that the velocity profile in the URF obeys to a self-similar law, different from those proposed by Tollmien [15] and Görtler [16] for the PCR.
The presence of the URF influences the diffusion of the passive scalar in turbulent jets, which has been widely studied, but only limited to the FDR. Despite recognizing the self-similarity of the passive scalar, a mathematical formulation of its diffusion is still missing. The only exceptions are the studies in the FDR of circular jets [6] [7] , which constitute the base for the "Gaussian Plume Model" (GPM). Such a model, widely used in environmental applications [38] [39] , was derived under the hypotheses of constant eddy diffusivities for both the momentum and the passive scalar. The lack of a self-similar solution for the passive scalar spreading is probably due to the difficulties in the modeling of the turbulent Schmidt number.
The present work studies the diffusion of a passive scalar in the NFR of turbulent submerged air jets, issuing from a rectangular nozzle. The Schmidt numbers investigated range from 1 to 100, while the Reynolds numbers from 5000 to 40,000. Since the Peclet number spans between 5000 and 4,000,000 a full threedimensional (3D) simulation is unpractical [40] [41] . The present numerical investigation is limited to the NFR and the domain is considered two-dimensional, 2D, which is a common assumption for Direct Numerical Simulations (DNS) [42] [43] [44] [45] [46] , and LES [47] [48] of rectangular jets. Indeed, the near-field transitional mixing in turbulent jets is dominated by 2D large-scale coherent structures, as pointed out in [49] . This approximation has been demonstrated valid also in [37] , where the 3D results for the NFR are in good agreement with the 2D results of [36] . In analogy with [36] , a top-hat velocity profile is imposed on the slot exit and air is assumed incompressible.
Numerical Method

Governing Equations
In the LES approach, the governing equations are derived by filtering the Navier-Stokes equations and the filtered variables have the superscript . Applying the filtering operation, the mass and momentum equations read:
Re 
The filtered shear rate is Smagorinsky model, [50] . As far as the passive scalar diffusion is concerned, the conservation equation is
Unlike the coefficients ,
IS
CC the sub-grid Schmidt number has not been evaluated dynamically but it has been fixed to 1.
Computational details
The Table 1 . To reproduce the same conditions of [14, 36] a top-hat velocity profile is assumed on the slot exit. The walls, above and below the slot, have a thickness of 0.176 hydraulic diameters, while everywhere else, in the x and y directions, there is a free boundary, in analogy with [36, 37] . As far as the passive scalar is concerned, a top-hat profile is imposed on the inlet, and a Neumann boundary condition is used everywhere else. The "simple" interpolation filter is chosen for the LES simulation, with an amplitude equal to the cubic root of the cell volume. As far as the time discretization is concerned, a second order backwards scheme is chosen for the time integration, with a time step satisfying the condition CFL < 0.5. The numerical scheme adopted for the spatial derivatives is a central second order scheme. The mean turbulent properties are obtained by averaging the instantaneous variables for 100 "flow time", defined as the ratio between the domain length and the axial velocity on the slot exit, after the steady state is reached.
Numerical Results
The numerical results are presented by showing the relevant fields, and analyzing the properties of the passive scalar profiles shown by the instantaneous and the average numerical results.
Instantaneous results
Figures 1-2 report the instantaneous passive scalar profiles, after 74 flow times, for Reynolds number equal to 5000, 10,000, 20,000, 40,000, and Schmidt number equal to 1 and 100. In the instantaneous flow evolution the URF has been further divided into two different types of flow, [51] , the first one named Negligible Disturbances Flow, NDF, and the second one Small Disturbances Flow, SDF. In the NDF the height of the jet flow remains constant with the distance from the slot exit while in SDF the height oscillates without forming vortices.
The structure of the passive scalar field is similar in all cases, since it mimics the instant vorticity field shown in [36] [37] . The NDF and SDF, present just downstream of the slot exit, are eddy-free regions, where the velocity profile remains almost unaltered compared to the slot exit, [26] [27] [28] , and is self-similar [36] [37] .
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The NDF and SDF shrink with the increasing Reynolds number, in agreement with [29] [30] [31] [32] [33] [34] [35] [36] [37] , and almost disappear at Re=40,000, [36] [37] , allowing the classical two-region description [14] . is not important, as pointed out in [42] .
The turbulent stresses in the NDF and SDF are negligible, in comparison to the viscous ones, at the interface between jet and stagnant air, as shown in [36] [37] . The NDF and SDF are present in all the numerical simulations, with the same characteristics regardless of the Sc number. In the following the differences at the interface, due to the different molecular diffusivity of the passive scalar, are going to be discussed. As far as the Kelvin-Helmholtz Instability (KHI) appears, the mixing begins and the NDF and SDF disappear. The stagnant air is entrained into the vortices and the passive scalar diffuses in these structures.
The diffusion of the passive scalar in the vortices is affected by the value of the Sc number. Comparing Nevertheless, from the third vortex pair onwards the transition becomes milder, and the passive scalar contours for the two Sc numbers appear very similar. This is because the diffusion in this structure is affected by turbulence, and the molecular mixing is negligible. In conclusion, the molecular diffusion seems to be important only for the large, initial structures, because they are unaffected by turbulence. at Re = 5,000 and 10,000 the mean passive scalar, degrading at the center of the jet, is not visible, but it occurs at Re = 20,000, although the triangular region is rather concave and longer, and at Re = 40,000, where the PCR is more triangular and the tip shorter. The deformed triangular region in the PCR is due to the lack of FDR, which makes the PCR longer.
Average results
Mean
The main differences between Fig. 3 and 4 concern the URF because the mean passive scalar profile in the mixing region is independent of the molecular diffusivity. This property is analyzed in detail in the following sections. The interface between the URF and stagnant fluid has a milder profile at Sc=1, while the transition is very steep at Sc=100. [52] , where a low wave number perturbation is enough to trigger the instabilities at high Reynolds number. The passive scalar variance in the PCR assumes slightly higher values for Sc = 100 at the interface between jet and stagnant air, which is different from the velocity field, since the correlation of the velocity fluctuations, shown in [36] [37] , appear to be higher at the center of the mixing layer.
The conclusion of the present results is that turbulence affects the passive scalar and the momentum in a 12 different way. The passive scalar variance is greater and more uniform, in the far-field, at higher Reynolds numbers. 
Theoretical mean results
Results in the URF.
The passive scalar spreading in the URF, in analogy with [36] [37] , is studied by tracing the iso-passive scalar curves in the (x, y) plane for the Re and Sc numbers investigated. This method is particularly useful to identify discontinuity in the flow field. The evolution is shown only in the upper part of the domain since the average passive scalar profile is symmetric. All the iso-passive scalar curves originate from the point (x0,y0) = (0,h) since the profile is top-hat on the slot exit.
18 show the iso-passive scalar curves for the two Schmidt number analyzed, 1 and 100.
The analysis of the iso-passive scalar curves reveals the presence of a point, whose axial position is inversely proportional to the Reynolds number, from which the slope of the curves changes rapidly, and marking the end of the URF. Figure 11 shows that the cases with Sc=1 have the thickest interface and is easier to visualize the contours, while, for Sc=100, a steeper transition is present, as shown by Fig. 12 . (7) where h is the non-dimensional half-slot vertical coordinate, equal to 0.25 and 0 0.5288   , according to the velocity boundary conditions. The numerical LES results confirm that the self-similar variable in Eq. (7) is constant along the iso-passive scalar curves. The instantaneous stream function reads:
and the self-similar stream function is governed by the following equation:
The passive scalar budget is analyzed in analogy with the momentum budget in [36] [37] . The time derivative is negligible, as well as the turbulent and the axial diffusion, and the passive scalar transport equation The simplified theory expressed by Eq. (14) is denoted with "U", which stands for "undisturbed", in order to distinguish it from the theoretical results derived in the next section. The modulus of the vertical mass flux per unit area can be obtained from Eq. (14), remembering that 
Results in the PCR.
The PCR is the region where turbulence, generated at the jet-stagnant air interface, diffuses towards the center. The iso-passive scalar curves are reported for Sc=1 and 100 in Figs 
Two solutions for the self-similar mean stream-function,   F  , were found by Tollmien [15] and Görtler [16] , whose theories differ by the choice of the self-similar variable and, more importantly, by the turbulent viscosity modelling.
Tollmien [15] proposed
which, with the following choice of the self-similarity variable [15] and [16] .
Let us now analyze the passive scalar transport in the PCR. From the mean passive scalar budget it is found that, in analogy with the momentum, the time derivative, the molecular diffusion and the axial turbulent diffusion are negligible; therefore, the passive scalar transport equation reduces to
The turbulent Schmidt number, T Sc , is normally assumed constant [53] , even though some DNS studies show otherwise [40, 54] . The measurements in the FDR of a circular heated jet, [55] , showed that the turbulent Prandtl number increases near the jet axis and beyond the edge of the jet, regions where the velocity gradient is small in FDR. Further on, a constant value of the passive scalar turbulent diffusivity does not give good predictions in the FDR of a turbulent round jet, may be because the turbulent Schmidt number is not constant across the jet, [6] .
The turbulent viscosity and the turbulent Schmidt number are calculated from the present numerical LES results. The turbulent viscosity is defined as the ratio between the mean shear rate and the second invariant of the Reynolds stress tensor. This definition has the advantage of being isotropic, i.e. independent on the flow direction, and is given by 
The turbulent Schmidt number is calculated for all the Reynolds and Schmidt numbers investigated, with the conclusion that is self-similar in the mixing region. Moreover, a relationship between the turbulent Schmidt number and the mean velocity gradient is obtained
where the constant K  is equal to 0.8 and independent on the Re and Sc numbers.
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The turbulent Schmidt number can be expressed also as a function of both Tollmien,  , and Görtler,
with the following relationships among K  and the constants ,
The turbulent Schmidt number, calculated numerically, is reported in Fig. 17 versus the dimensionless velocity gradient, in the mixing region, only for Sc=1, because the results are independent from this parameter.
The turbulent Schmidt number is inversely proportional to dU d (in the logarithmic scale) in the mixing region, hence the passive scalar turbulent diffusivity, i.e. By using Eq. (28) and the results of Tollmien [15] and Görtler [16] for the momentum, it is possible to derive a "Tollmien-like" solution, which embed the momentum self-similar behavior presented in [15] , for the passive scalar transport
      (30) and, similarly, a "Görtler -like" solution, which embed the momentum self-similar behavior presented in [16] , for the passive scalar transport
The previous two equations are solved with the following boundary conditions
obtaining the self-similar mean passive scalar profile, following Tollmien's behavior [15] ,   
The mass transfer per unit area in the cross-stream direction is function of the local turbulent Schmidt number and increases with the velocity gradient, although without a direct proportionality. 
 
The self-similar mean passive scalar profiles, shown in terms of the Tollmien self-similar variable and obtained from the proposed theories, are reported in Figs. 18-19 , at the four Reynolds numbers investigated and for Schmidt number equal to 1 and 100 respectively. The theoretical profiles are compared with the LES numerical results at several axial distances, in order to show that the hypothesis of self-similarity is verified.
The self-similar mean passive scalar profiles give comparable results at the interface, with a better agreement with the Tollmien theory [15] close to the centerline, and with the Görtler one [16] in the outer region, as already found for the momentum in [36] [37] . The variable Schmidt number is the reason for the slope change in the LES results. Indeed, comparing the mean passive scalar profiles with the velocity ones, found in [36] [37] , it is confirmed that the two profiles have a different shapes because of the variable Schmidt number. This conclusion is different from what found in the FDR of circular jets, where the passive scalar is proportional to the axial velocity through a power-law relationship with exponent T Sc [6] [7] . 
Conclusions
A series of Large Eddy Simulations (LES) are performed at four Reynolds numbers, namely 5000, 
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The results of the present paper confirm that the passive scalar profile, in analogy with the axial velocity, is self-similar also in the NFR, which, in the mean flow, is divided in two regions, the Undisturbed Region of Flow (URF) and the Potential Core Region (PCR). The passive scalar is shown to be function of the self-similar variables introduced in [36] [37] for the URF. A self-similar law is proposed for the evolution of the passive scalar and the theoretical results are compared with the numerical ones, showing a good agreement.
The mean passive scalar profiles are function of the self-similar variables introduced in [15] [16] . The LES results confirmed that the turbulent Schmidt number is a self-similar variable in the mixing region, and is inversely proportional to the axial velocity gradient. The numerical results are compared to the mathematical model with a good agreement.
The present results show that turbulence affects in a different way the momentum and the passive scalar transport. The passive scalar diffuses more, compared to the momentum, in the mixing region, since the turbulent Schmidt number is smaller than 1. This conclusion can explain why the coherent structures are observable when a tracer is introduce in a jet, i.e. in PIV investigations [29] [30] [31] [32] [33] [34] , while they are not observable from the velocity raw data [56] . The present work gives an analytical tool to estimate the spreading of a passive scalar in the NFR of a rectangular submerged jet.
